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1 Introduction 

In recent years, the coupling argument developed in [1] for establishing dimension- free Har- 
nack inequality in the sense of [13] has been intensively applied to the study of Markov 
semigroups associated with a number of stochastic (partial) differential equations, see e.g. 
PIlEllflElElITlIinillHlITniEOlESland references within. In particular, the Harnack in- 
equalities have been established in [U |T9] for a class of non-degenerate functional stochastic 
differential equations (SDEs), while the (Bismut-Elworthy-Li type) derivative formula and 
applications have been investigated in [5] for a class of degenerate SDEs (see also [211 [23] 
for the study by using Malliavin calculus). The aim of this paper is to establish the deriva- 
tive formula and (log-)Harnack inequalities for degenerate functional SDEs. The derivative 
formula implies explicit gradient estimates of the associated semigroup, while a number of 
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applications of the (log-)Harnack inequalities have been summarized in (TTJ §4.2] on heat 
kernel estimates, entropy-cost inequalities, characterizations of invariant measures and con- 
tractivity properties of the semigroup. 

Let m G Z+ and d e N. Denote = M™ x R'^, where = {0} when m = 0. 

For ro > 0, let ^ := C([— tq, 0]; M™"'"'^) be the space of continuous functions from [— ro,0] 
into M"+'^, which is a Banach space with the uniform norm || ■ ||oo- Consider the following 
functional SDE on M"+'^ : 



El (1.1^ 



fdX(t) = {AX{t) + MY{t)}dt, 

\dY{t) = {Z{X{t), Y{t)) + b{Xt, Yt)}dt + adB{t), 



where B(t) is a d-dimensional Brownian motion, a is an invertible d x c?- matrix, A is an 
m X m-matrix, M is an m x ci-matrix, Z : M™' x M'^ — >■ M*^ and 6 : ^ — >■ M'^ are locally 
Lipschitz continuous (i.e. Lipschitzian on compact sets), {Xt,Yt)t>o is a process on ^ with 
{Xt,Yt){e) ■= {X{t + 9),Y{t + 9)), 9 e [-ro,0]. We assume that there exists an integer 
number < A; < m — 1 such that 

RR] (1.2) Rank[M, AM, ■ ■ ■ , A^M] = m. 

When m = this condition automatically holds by convention. Note that when m > 1, this 
rank condition holds for some /c > m — 1 if and only if it holds for k = m — 1. 

Let V, V^^^ and V'-^'' denote the gradient operators on M™ and respectively, and 

let 

L/(x, y) ■.={Ax + My, V«/(a:, y)) + {Z{x, y), V^'^f{x, y)) 

i,j=i 

Since both Z and b are locally Lipschitz continuous, due to [12] the equation (11. ip has a 
unique local solution for any initial data (Xq, Yq) G ^. To ensure the non-explosion and 
further regular properties of the solution, we make use of the following assumptions: 



(A) There exist constants X,l > and W G C^(M™'"'"'^) of compact level sets with W > 1 
such that 

(Al) LW < XW, |V(2)iy| < XW; 

iA2) mM'^wm))<M\wmoo, ee^; 

{A3) \Z{z) - Z{z')\ < X\z - z'\W{z'y, 2, z' G M'^+'^, \z - z'\ < 1; 

(A4) m - m\ < AiK - c\uw{c)\\L e ^, lie - riioo < i. 
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Comparing with the framework investigated in [5l|23], where b = 0, A = and Rank[M] = 
m are assumed, the present model is more general and the segment process we are going to 
investigate is an infinite-dimensional Markov process. On the other hand, unlike in [5] where 
the condition | V'-^^VT | < XW is not used, in the present setting this condition seems essential 
in order to derive moment estimates of the segment process (see the proof of Lemma 12.11 
below). Moreover, if |VW^| < cW holds for some constant c > 0, then (^43) and (^44) hold 
for some A > if and only if there exists a constant A' > such that |VZ| < AW and 
|V6| < A'lWIlJ^ holds on M™+'^ and ^ respectively. 

It is easy to see that (A) holds for W{z) = 1 + / = 1 and some constant A > 
provided that Z and b are globally Lipschitz continuous on ]R™+'^ and ^ respectively. It is 
clear that (Al) and {A2) imply the non-explosion of the solution (see Lemma [271] below) . In 
this paper we aim to investigate regularity properties of the Markov semigroup associated 
with the segment process: 

PJ{0 = E^fiX„Y,), /e=5^b(^),ee^, 

where ^b(^) is the class of all bounded measurable functions on ^ and stands for the 
expectation for the solution starting at the point ^ G When m = we have = 
and ^ = {0} X = ^2 := C{[—ro,0]]R'^), so that Ptf can be simply formulated as 
PJ(^) = E^f {Yt) for / e ^fcC^a),^ e ^2- Thus, ([HI]) also includes non-degenerate functional 
SDEs. For any h = [hi, G ^ and z G M'""'""', let and V2 be the directional derivatives 
along h and z respectively. The following result provides an explicit derivative formula for 
PT,T>ro. 

"flTT] Theorem 1.1. Assume (A) and let T > tq. Let v : [0,T] ^ M and a : [0,T] he 
Lipschitz continuous such that v{0) = 1, a(0) = 0, v{s) = 0, a{s) = for s > T — r^, and 

[ll] (1.3) hi{0)+ [ e-'^M(j){s)ds = 0, t>T-ro, 

Jo 

where 0(s) := f (s)/i2(0) + a{s). Then for any h = {hi, /i2) G and f G ^b('^), 
(1.4) V,PT/(0 = E«|/(XT,FT)^^(iV(s),(a*)-M5(s)>|, ^e^ 

holds for 

N{s) := {Veis)Z){X{s),Y{s)) + (Ve.6)(X„n) - v'{s)h2{0) - a'{s), s G [0,T], 



Bis 



where 

e(s) = (e«(.),e(2)(,)) := 




2/s<0, 

/ii(0) + /g e(^-'-)^M0(r)dr, 0(s)), tf s > 0. 
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A simple choice of v is 



, , (T-ro- s)+ 

v{s)=^-—^ ^, s>0. 

T-ro 



To present a specific choice of a, let 







(T - To] 



According to [TT] (see also [211 Proof of Theorem 4.2(1)]), when m > 1 the matrix Qt is 
invertible with 



m\ (1.5) \\Q;'\\<c{T-ro){tAl)-'^'+'\ t>0 

for some constant c > 0. 

Corollary 1.2. Assume (A) and let T > vq. Then ( \1.4\> holds for v{s) = '■'^"^""^''^ and 



CI. 2 



where by convention M = {hence, a = 0) ifm = 0. 



The following gradient estimates are direct consequences of Theorem 11.11 



CI .3 1 Corollary 1.3. Assume (A). Then: 

(1) There exists a constant C G (0, oo) such that 

\m 



+ \\wmLVTA{i+r,){\\h\u + 1 

holds for all T > ro,^,h e "t^ and f e ^bC^); 

(2) Let iV^^^iyp < 6W hold for some constant 6 > 0. If I e [0,1/2) then there exists a 
constant C G (0, oo) such that 

|VftPT/K)l < r{Pr/log/ - (Pt/) logFr/}tt) 



(r-ro)Al {(T-ro) A 1)4*^+3 



°oll"V^/Hoc HOC |(2-_ro) A Ij^'^+Sy \y||/i||2 

/ioWs /or all r > 0,T > ro, C,,h E and positive f G ^b(^); 



oo 
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(3) Let |V(2)vr|2 < SW hold for some constant 6 > 0. If I = ^ then there exist constants 
C, C G (0, oo) such that 

IVft-Pr/K)! <r{FT/log/- (FT/)logPr/}({) 



(T-ro)Al {(T-ro) Alj^'^+s 



°° {(T-ro) Alj^'^+s 
/ioWs /or 

r>c(\\h\\ I M-KO)l ^ 

a// T > rQ,C,ih ^ ^ and positive f G ^bi'^) ■ 

When m = the above assertions hold with \\M\\ = 0. 

According to [2], the entropy gradient estimate implies the Harnack inequahty with 
power, we have the following result which follows immediately from Corollary 11.31 (2) and 
[5|, Proposition 4.1]. Similarly, Corollary 11.31 (3) implies the same type Harnack inequality 
for smaller \\h\\oo comparing to T — tq. 

Corollary 1.4. Assume (A) and let \V^'^^W\'^ < 5W hold for some constant 5 > 0. If 
I G [0, |) then there exists a constant C G (0, oo) such that 



(PrfYi^ + h) <Pr/^(Oexp 



'_Cp_ 
p — 1 



\\Wi^ + sh)\\^ds 



oo 



2i 



' {(T-ro) Al}4fc+2j V 



holds for all T > rQ,p > l,^,h E and positive f G If m = then the assertion 

holds for \\M\\ = 0. 



Finally, we consider the log-Harnack inequality introduced in [T0| [15]. To this end, as in 
[5], we slightly strengthen {A3) and {A4) as for follows: there exists an increasing function 
U on [0, oo) such that 

{A3') \Z{z) - Z{z')\ < X\z - z'\{W{zy + U{\z - z'\)}, z, G M'"+'^; 

(^4') |6(o - b{e)\ <xu- aoo{\\w{aL + u{u - eiioo)}, e ^. 

Obviously, if 



W{zy <c{W{zy + U{\z-z'\)}, z,z'e 



nm+d 



holds for some constant c > 0, then {A3) and {A4) imply {A3') and {AA') respectively with 
possibly different A. 
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Tl .5 Theorem 1.5. Assume (Al) , {A2) , {A3') and (AA'). Then there exists a constant C E 
(0, oo) such that for any positive f G l3§b(jif),T > tq and ^, /i G 



PTlog/(e + /i)-logPT/(0<C 



\\w{^+h)r^+u^c\\h 



C\\M\\.\h{0)h 
(T - ro) A 1 y 



\h\ 



+ 



mi' 



\\M\mo)\' 



(T-ro)Al {(T-ro) Al}4'=+3j' 

If m = then the assertion holds for \\M\\ = 0. 

For applications of the Harnack and log-Harnack inequahties we are referred to [T71 §4.2]. 
The remainder of the paper is organized as follows: Theorem 11.11 and Corollary ll.2l are proved 
Section 2, while Corollary 11.31 and Theorem 11.51 are proved in Section 3; in Section 4 the 
assumption (A) is weakened for the discrete time delay case, and two examples are presented 
to illustrate our results. 



2 Proofs of Theorem 11.11 and Corollary 11.2 



leml 



Lemma 2.1. Assume (Al) and {A2). Then for any k > there exists a constant C > 
such that 

E« sup WiX{s),Yis))'<3\\WiO\Le''\ t>0, 

—ro<s<t 

holds. Consequently, the solution is non-explosive. 
Proof. For any n > 1, let 

Tn := inf{t G [0,T] : \X{t)\ + \Y{t)\ > n}. 

Moreover, let 

i{s):=W{X,Y){s), s>-ro. 

By the Ito formula and using the first inequality in (Al) and {A2) we may find a constant 
Ci > such that 



W2 



i(t A Tnf = ^(0)^' + k 



tAT„ 



(s)^"i(V(2)iy(X, Y){s), adB{s)) 



t{sf-^\LW{X, Y)[s) + n), V(2)iy(X, Y)[s)) 

+ -(A;- l)£(s)-V*V(')iy(X,F)(s)|2|ds 

rtl\Tn rtl\Tn 

<l{0)'' + k i{s)''^\V^^^W{X,Y){s),adB{s)) +Ci sup £(r)Ms. 

Jo Jo r€[-ro,s] 

Noting that by the second inequality in {Al) and the Burkholder-Davis-Gundy inequality 
we obtain 
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[S A TnYds 



1/2 

k 



/ i{r)''-^V^^^W{X,Y){s),adB{r)) < / ^(s A r„)2Ms 

Jo V Jo y 

<C2E^l( sup ^(sAr„,)'=)'^Y r. 
l^sg[0,i] ^ \Jo 

< sup e{s A r„)^ + [ sup £(r A r„)^ds 

^ se[o,t] ^ Jo re[o,s] 

for some constant C2 > 0. Combining this with (12. ip and noting that {Xo,Yo) = ^, we 
conclude that there exists a constant C > such that 

E« sup £(s Ar„)^ < 3||l^(0llL + CE« /" sup £(s)^ds, t > 0. 

-ro<s<t Jo se[-ro,t] 

Due to the Gronwall lemma this implies that 

E« sup ^(sAr„)'= <3||iy(0||Le^*, t>0,n>l. 

—ro<s<t 

Consequently, we have r„ 'j" 00 as n ^ 00, and thus the desired inequality follows by letting 
n — >■ 00. □ 

To establish the derivative formula, we first construct couplings for solutions starting 
from ^ and ^ + eh for e e (0, 1], then let e 0. For fixed ^ = {^i, 6), /?- = {hi, /i2) G ^, let 
{X{t),Y{t)) solve with (Xq, Fq) = ^; and for any e E (0, 1], let {X%t),Y'{t)) solve the 
equation 



E2] (2.2) 



dX^(t) = {AX^(t) + MY'{t)}dt, 

dY^t) = {Z{X{t), Y{t)) + b{Xt, Yt)}dt + ad5(t) + e{t/(t)/i2(0) + a'(t)}dt 



with (Xg, Fq*^) = + By Lemma [?!T] and (12.31) below, the solution to (12. 2p is non-explosive 
as well. 

Prol Proposition 2.2. Let (p{s) := f (s)/i2(0) + a{s), s G [0,r], and the conditions of Theorem 
\1.1\ hold. Then 

(2.3) {X'{t),Y'{t)) = {X{t),Y{t))+ee{t), e,t>0 

holds for 



m := {e^'\t)M'\t)) := 
/n particular, {X^,Y^) = {Xt,Yt). 



h{t), z/t<0, 
(e^*/ii(0) + /Qe(*-'^)^M0(r)dr, 0(t)), z/t > 0. 
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Proof. By (12. 2p and noting that f (0) = 1 and v{s) = for s > T — tq, we have ^^(t) = 
Y{t) + e(p{t) and 

X'it) = X{t) + ee^*/ii(0) +e [ e^'-'^^M(j){s)ds, t > 0. 

Jo 

Thus, (12.31) holds. Moreover, since a{s) = v{s) = for s > T— ro, we have Q^'^\s) = (f){s) = 
for s > T — tq. Moreover, by (II. 3p we have 0''^^(s) = for s > T — tq. Therefore, the proof 
is finished. □ 

Since according to Proposition 12. 21 we have {X^, Y^) = (X^, Yt). Noting that (Xq, Yq) = 
^ + eh, if (12. 2 p can be formulated as (II. ip using a different Brownian motion, then we are 
able to link PrfiO Prfi^ + ^h) and furthermore derive the derivative formula by taking 
derivative w.r.t. e at 5 = 0. To this end, let 

= Z{X{s), Y{s)) - Z{X'{s), Y'{s)) + Y,) - 6(Xf , F/) + e{v\s)h^{^) + a\s)}. 

Set 



R^{s) = exp 

and 



- [ ((T-^$"(r),dE(r)) - - / \a^^^%r)\Mr 
Jo 2 Jo 

B'{s) = B{s) + f (T~^$^(r)dr. 
Jo 



Then (12. 2p reduces to 
E2' I (2.4) 



dX"(t) = {AX^t) + Mr=(t)}dt, 
dF^(t) = {Z{X%t), Y%t)) + 6(Xf , F/)}dt + adB'{t). 



According to the Girsanov theorem, to ensure that B'^{t) is a Browanian motion under 
:= i?^(T)P, we first prove that -R^(t) is an exponential martingale. Moreover, to obtain the 
derivative formula using the dominated convergence theorem, we also need '•'^^"'^ }gg(o^i) 
to be uniformly integrable. Therefore, we will need the following two lemmas. 

L2.2 Lemma 2.3. Let (A) hold. Then there exists > such that 

sup E[i?"(s)logi?^(s)] < cx), 

sG[0,T],eG(0,eo) 

SO that for each e G (0, 1), (-R^(s))sg[o,T] is a uniformly integrable martingale. 
Proof. By (12. Sp . there exists Eq > such that 
Ed] (2.5) £o|e(t)| <1, te[-ro,T]. 

For any e G [0,eo]5 define 

Tn := inf{t > : \X{t)\ + \Y{t)\ + \X%t)\ + \Y%t)\ >n},n> 1. 
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We have r„ ^ as n f oo due to the non-explosion. By the Girsanov theorem, the process 
{R^{s A Tn)}seio,T] is a martingale and {-B^(s)}sG[o,rAT„] is a Brownian motion under the 
probability measure Qe^n '■= R'^{T A r„)P. By the definition of R^{s) we have 



1 pTATn 

(2.6) E[R'{s A r„) \ogR'{s A r„)] = EQ^J\ogR'{s A r„)] < / |a-i<l>^(r)|Mr. 
By (123D, (A3) and (A4), 

(2.7) |a"i$^(.)P<c52||iy(X|,y/)||^' 



I OO 5 



holds for some constant c independent of e. By the weak uniqueness of the solution to (11.11) 
and (12.41) . the distribution of (X'^(s), F'^(s))sg[o,TAT„] under Q^ ^ coincides with that of the 
solution to (II. ip with (Xq, Yq) = ^ + e/i up to time T A we therefore obtain from Lemma 
Othat 

E[R'{s A Tn) log R%s A rn)]<c\\W{^ + eh) [ e^*dt < oo, n > 1, £ e (0, eo)- 

Then the required assertion follows by letting n — )■ oo. □ 
Lemma 2.4. // (A) holds, then there exists > such that 

sup E — log — — < OO. 

eG(0,eo) V ^ ^ / 

Moreover, 

lim^:^^^ 

(2.8) ^ 

((Ve(.)^)(X(s), F(s)) + (Ve.,6)(X„ n) - t/(s)/i2(0) - a'(s), (a*)-Mfi(s)>. 

Proof. Let eo be such that (12. 5p holds. Since (12. 8 p is a direct consequence of (12. 3 p and the 
definition of i?^(T), we only prove the first assertion. By [5] we know that 



Since due to Lemma [2]3] {i?^(t)}tg[o,T] is a Brownian motion under the probability measure 
:= i?^(T)P, and since 

\ogR'{T) = - ! {a~^<i>%r),dB{r)) -- [ \a~^<^%r)\^dr 
Jo 2 Jq 

= - [ {a-'<^%r),dB%r)) + l- [ \a-^<^%r)\Mr, 
Jo 2 Jq 
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it follows from ( 12. 7p that 



<c / EQJ|ly(X,^F/)r^dr 
Jo 

holds for some constant c > 0. As explained in the proof of Lemma 12.31 the distribution of 
{XI, F/)sg[o,T] under coincides with that of the segment process of the solution to (11.11) 
with (Xo, Yq) = ^ + eh, the first assertion follows by Lemma [2. 1[ □ 

Proof of Theorem Since Lemma 12. 3[ together with the Girsanov theorem, implies that 
{i?^(s)}sg[o,r] is a Brownian motion with respect to := R^{T)¥, by (12.41) and (X^, Fy) = 
{X^,Y^) we obtain 

(2.9) Prfii + eh) = Eq J(Xf , Y^) = E{R%T)f{XT, Yt)}. 

Thus, 

Prfi^ + eh) - PrfiO = W{T)f{XT, Yt) - EfiXr, Yt) = E[{R%T) - 1)/(Xt, Yt)]. 

Combining this with Lemma 12.41 and using the dominated convergence theorem, we arrive 

at 



Ef^f{XT,YT) {N{s),{aT'dB{s)) 



□ 



Proof of Corollary It suffices to verify (II. 3p for the specific v and a. Since when m = 
we have hi = M = so that (II. 3p trivially holds, we only consider m > 1. In this case, (II. 3p 
is satisfied since according to the definition of 0(s) and a{s) we have for t > T — tq, 

fT-ro 

e~'^M0(s)ds= / e-^^M0(s)ds 
Jo 

/T-ro / rT-ro \ 

v{s)e-''^Mh2iO)ds - gT-roQ?inJ ^i(O) + / v{s)e-''^Mh2iO)ds\ 

-hi{0). 

□ 
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3 Proofs of Corollary 11.31 and Theorem 11.5 



To prove the entropy-gradient estimates in Corollary (2) and (3), we need the following 
simple lemma which seems new and might be interesting by itself. 

Lemma 3.1. Let i{t) be a non-negative continuous semi-martingale and let ^{t) he a con- 
tinuous martingale with ^(0) = such that 

dl{t) < dJ^it) + clt&t, 
where c> is a constant and it '■= sup^gjot] K^)- Then 

Proof. Let := sup^gjQ j] ^{t). We have 



Eexp 



At 



t + c 



f isds>it-m- 

Jo 



Thus, 



-(1+cT) 



)^(0) 



d<^e 



-(c+T-i)t 



(1 



-(1+cT) 



T 



t + c I 4ds 

(l+cT))^(0) 



'o 



(1- 

(c+T-i)*|^|^ - + c){it - m)Ut - (1 - e-(i+'=^))£(0) 



tdt. 



Tei+'=^ Jo 
Combining this with 

we complete the proof. 



□ 



Corollary 3.2. Assume (A) and let \V^'^^W\'^ < 5W hold for some constant 5 > 0. Then 
there exists a constant c > such that 



exp 
< exp 



1 



\\W{Xt,Yt)\\oodt 



2||a||25T2e2+2'=T 



kl|25Tei+^^ 2||(T||25T2e2+2'=^ 



T>ro. 
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Proof. By (A) and the Ito formula, there exists a constant c > such that 

dW{X,Y){s) < {V'^^^W{X,Y){s),adB{s)) + c\\W{Xs,Ys)\Uds. 

Let 

^{t) := [\v'''^W{X,Y){s),adB{s)), l{t) := W{X,Y){t), 
Jo 

and let e = {2\\af6Te^+''^)-^ such that 

^ -2||a||V. 



Tei+'=^ 

Then by Lemma EH] and |V^^^1^|^ < 6W, we have 



exp 



hdt 



Tei+'=^ ./o 



1/2 



By using stopping times as in the proof of Lemma 12.11 we may assume that 



exp 



kdt 



< oo 



so that 

This completes the proof by noting that 
1 



ltdt 



< e 



2+2d(0) 



2||a||25T2e2+2cr 



2||a||25T2e2+2cT Tei+^^ 



Ldt. 



□ 



Proof of Corollary \1.3[ Let v and a be given in Corollary 11.21 By the semigroup property 
and the Jensen inequality, we will only consider T — rg G (0, 1]. 

(1) By (II. 5p and the definitions of a and v, there exists a constant C > such that 



\v'{s)h2{0) + a'{s)\ < Cl[o,T-n,](^)|/^(0)| + J'^^)!(.+i) 



e [o,T], 



(3.1) |e(.)|<c|Mo)| 1 
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Therefore, it follows from {A3) and (AA) that 

\N{S)\ <Cl[o,T-ro]{s)\hm 
+ C 



(3.2) 



T-ro (T-ro)2(fc+i) 



sj lloo 



(T-ro)2^+i- 

holds for some constant C > 0. Combining this with Theorem 11.11 we obtain 



\V,PTfm<C^/lW{i)(^^^ £ \Nis)\'ds 



1/2 



M\ 



||M||-|MO)K / rT 



+ UI^II-+(T-ro)--WUo 
This completes the proof of (1) since due to Lemma [2.11 one has 

E«||ly(X„n)||^<3||ly(0||^e^^ s€ [0,r] 

for some constant C > 0. 

(2) By Theorem 11.11 and the Young inequality (cf. [21 Lemma 2.4]), we have 



(3.3) 

Next, it follows from (13. 2 p that 

E^exp 
(3.4) < exp 



V,Pt/|(0 < r{Pr/log/- (PT/)logPT/}(0 



{N{s),{aT'dB{s)) 
CilMO)lV 1 , ll^ll 



exp 



2\\a 



-1||2 pT 



\N{s)\Ms 



X exp 



T-ro (T - ro)4^+3 
||M|p|MO)| 



^(l|/i||^ + 



2. /"T 



(T-ro)4^+V7o 



Te (ro,l + ro] 



holds for some constant Ci G (0, oo). Since 21 G [0, 1) and T < 1 + ro, there exists a constant 
C2 G (0, cxd) such that 



A 1 



2i 
" 1-21 



/3>0. 
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Taking 



and applying Corollary 13. 2[ we arrive at 



exp 



T 







X \ exp 

^\\\h\L\\wmv 



< exp 
1 



A 1 



21 n 

" l-2i 



< exp 



2||a||25T2e2+2'=^ 7o 



\h\ 



12 1 2 2i 

^ -21 f T \ 1-21 

(7^ _ ^Q)4fc+2y vii7rii2~^ 



|Mf |/i(0)p y 



for some constant C3 G (0, 00) and all T G (ro, l+?"o]- Therefore, the desired entropy-gradient 
estimate follows by combining this with (13 .Sp and (13 ■4p . 

(3) Let C" > be such that r > C'(^\h\\^ + ^ implit 



nes 



2 



r 



l|Mf|MO)P \ 

(T-ro)4'=+V ^ 2||a||25T2e2+2^^' 



< 



so that by Corollary 13.21 



E« 



exp 



< (^E^exp 

< exp 



_2||a||25T2e2+2'^'^ Jo 



||iy(X„F,)|Uds 



(T-ro)'l'=+2 



C|im0lloo^,,„2 I l|Mf |M0)|S 



holds for some constant C > 0. Then proof is finished by combining this with (13. 3p and 
(I32D. □ 



Proof of Theorem \1.5l Again, we only prove for T G (ro, 1 +ro]. Applying (12. 9p to e = 1 and 
using log / to replace /, we obtain 

(3.5) PTlog/(e + /i) =E{i?i(T)log/(XT,yr)} <logPT/(0+E(i?Mogi?i)(T). 
Next, taking e = 1 in (12. 6p and letting n 00, we arrive at 



(3.6) 



E(i?Mogi?i)(r) < ^Eq, / |a-i$i(r)|Mr. 
2 Jo 
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By {A3'), {AA'), ([31]) and the definition of $\ we have 

+ ^^'^^°^'A(^^ + (T-ro)Wi) j^[°-^-o](^) 

for some constant Ci > 0. Then the proof is completed by combining this with (13. 5p . (13. 6p 
and Lemma l2.ll (note that {X^{s),Y^{s)) under Qi solves the same equation as {Xs,Ys) 
under P). □ 



4 Discrete Time Delay Case and Examples 

In this section we first present a simple example to illustrate our main results presented in 
Section 1, then relax assumption (A) for the discrete time delay case in order to cover some 
highly non-linear examples. 

Example 4.1. For a G C([— ro, 0]; M), consider functional SDE on 



(4.1 



dX{t) = -{X{t) + Y{t)}dt 

dY{t) = dB{t) + I - eY^{t) + Y{t - ro) + /°^^^ a{e)X{t + ^)d^}dt 

with initial data C, = (6,6) G C([~''"0) 0]; M^), where e > and n G N are constants. For 
z= {x,y) eR'^,\etW{x,y) = l+\x\^ + \y\^ and set Z{z) = -y^ and 6(0 = J^^^a{e)^i{e)de+ 
6(~''"o)- By a straightforward computation one has for x, y G M 

LW{x, y) = l- 2x{x + y)- 2ey'^'' < 3W{x, y) 

and for ^ G C([-ro, 0]; M^) 

(6(0,v(2)iy(e(o)))<2 f am,{e)de + u-r,) U 



<2(i+/ a{e)de)m\l^. 

J -TO 



Then conditions (Al) and (A2) hold. Next, there exists a constant c > such that for any 
z = {x, y) and z' = {x', y') G M^, 

\Z{z) - Z{z')\ =e\y^- y''\ < c\y - y'\{\yf + \y- ). 

Finally, for { = (6, 6), 6 = (^,^2) e C([-ro, 0]; M^), 

m-h{0\<V2( f \a{e)\deyi)u-i'\u. 

J -ro 

So, {A3) holds for / = 1 whenever \y — y'\ < 1 and {AA) holds for any / > 0. Moreover, 
(^43') and {AA!) hold for ?7(|;z|) = \z\'^,z G M^. Therefore, Theorem 11.11 Theorem 11.51 and 
Corollary 11.31 hold. 
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To derive the entropy-gradient estimate and the Harnack inequahty as in Corollary II. 4[ 
we need to weaken the assumption (A). To this end, we consider a simpler setting where 
the delay is time discrete. Consider 



E20| (4.2) 



fdX(t) = {AX{t) + MY{t)}dt, 

[dY{t) = Z{X{t), Y{t)) + b{X{t - ro), Y{t - ro))dt + adB{t), 



T4.2 



E21 



with initial data ^ G ^, where Z,b : R"'+'^ R'^. If we define b{^) = 6(^(-ro)) for ^ = 
(^1, ^2) G ^5 then equation (14.21) can be written as equation (II. ip . For (x, y), (x', y') G M'""'"'^, 
define the diffusion operator associated with ( 14. 2p by 

^W{x, y- x', y') = LW{x, y) + {h{x\ y'), V^''^W{x, y)). 

Theorem 4.2. Assume that there exist constants a,/?, 7 > with (5 > 7, functions W G 
C2(Mm+d) yj^ih W >1 andU e C(R'"+'^; M+) such that for (x, y), (x', y') G M'"+'^ 

(4.3) ^W{x, y- x', y') < a{W{x, y) + W{x\ y')} - f3U{x, y) + ^U{x', y'). 

Assume further that there exists z/ > such that for z = {x,y),z' = {x',y') G M"*"*"'^ with 
\z - z'\<l 



E25] (4.4) \Z{z)-Z{z')\^y\b{z)-b{z')\^<u\z-z'\^W{z'). 
Then for S := («ro + l)||l^(Olloo + iro\\U{0\\oo and t > 
(4.5) E^W{X{t),Y{t)) <6e^''\ 

and 



E24 



E23 



(4.6) 



|v.Pt/(OI < C'v/^W^{lMo)|(i + ^^JpLxi) +r|||w^(Olli||/^l 



+ |MO)|v/5(rA(l + ro))fl + 



(r-ro)2^-+i. 

/or a// T > ro,^, /i G ^ and / G where C > zs some constant. If moreover there 

exist constants K, Xi > 0,i = 1,2,3,4, with Ai > A2 one? A3 > A4, functions W G C^(M™'+'^) 
wzt/i ly > 1 andU E C(M'"+'^; M+) snc/i t/iai /or (x, y), (x', y') G M™+'^ 



E2^ (4.7) -^^ff/^'f'^^^ < - AiW^(x, y) + A2iy(x', y') - X,U{x, y) + A4f/(x', y'), 

then there exist constants (5o, C > such that for r > 5q/ {T — ro)^^"*"^, ^, /i G ^ and positive 
f G ^fe(^) 

|V,Pt/|(0 < r{Pr/log/- (Pr/)logPT/}(0 



E26 



(4.8) 2r \' ^ ^' V(T-ro)Al {(T - ro) A Ij^'^+s 

(i + iiMini/^(o)|2 



{(T-ro) Al}4fc 



4fc+2 



A2ro||W^(Olloo + A4ro||f/(0lloo + KT + log 1^(^(0)) 
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Proof. By the Ito formula one has for any t > 

E^W{X{t), Y{t)) < W{^{0)) + aE« / {W{X{s), Y{s)) + W{X{s - ro), Y{s - ro))}ds 

Jo 

-/3E« [ U{X{s),Y{s))ds + -fE^ I f/(X(s-ro),F(s-ro))ds 
Jo Jo 

/O pO 
W{X{s),Y{s))ds + ^ / U{X{s),Y{s))ds 
-ro J —ro 

+ 2aE« [ W{X{s),Y{s))ds 
Jo 

<5 + 2aE^ [ W{X{s),Y{s)ds. 
Jo 

Then (14 .Sp follows from the Gronwall inequality. 

By Theorem II .11, for T — ro G (0, 1] and some C > we can deduce that 

where for s G [0, T] 

N{s) := {Veis)Z){X{s), Y{s)) + (V0(,_,„)6)(X(s - ro), Y{s - ro)) - v\s)h2{0) - a'{s). 
Recalling the first two inequalities in (13. ip and combining (14. 4p yields that for some C > 

|V,Pt/(OI < ^v/^^{ (/^ \v'is)h2i0) + a'is)\'ds^ ^'^ 

r i-T \ 1/2 

E« / \Q{s)\''W{X{s),Y{s))ds 



fT \ 1/2 

+ (E« / |e(s-ro)|'H/(X(s-ro),F(s-ro))ds 



< g v^iW^I IMO) I (l + j^^|Li ) + ^0 11^(0 II 
+ 1^(0)1 (l + (T-r!)Ui )(/'^^^^(^(^)>^(^))d^) 



This, together with (gS]), leads to (gj]). 

Due to (13. 3 P and (13. 4p we can deduce that there exists C > such that for arbitrary 
r > and T - ro e (0, 1] 

|V,Pt/|(0 < r{PTf\ogf- (Pt f) log PrfjiO 

rP^/(0 / g|MO)lV 1 , l|Mf \ CII/^llLlimOllooro 
E30] (4.9) 2 1 r2 \t - vq [T - ro)^>'+^ J 

-C(l + ||Mf)|MO)p '•^ 



+ log E^ exp 



r2(T-ro)4'=+2 
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W{X{s),Y{s))ds 



Moreover, since for s G [0, T] 
W{X{s),Y{s))exp 



^W{X{r), Y{r),X{r - ro),Y{r - Tq)) 



dr 



W{X{r),Y{r)) 

is a local martingale by the Ito formula, in addition to W > 1, we obtain from (14. 7p that 
exp 



T 



(A1-A2) / W{X{s),Yis))ds-X2ro\\Wmc 



< exp 

< exp 



T 

L Jo 
KT 



E29] (4.10) 



Ail^(X(s), Y{s)) - \2W{X{s - ro), Y{s - ro)))ds 
^ Y{s)- X{s - ro), y (g-ro)) ^^^ 



W{X{s),Y{s)) 

-A3/ U{X{s),Y{s))ds + \ I U{X{s-r,),Y{s-ro))ds 
Jo Jo 

<exp{X^ro\\UiO\\oo + KT) 



X 



E« 



iy(X(T),F(T))exp 



^WjXjs), Y{s); X{s - ro), Y{s - rp)) 
W^(X(s),F(s)) 



ds 



< exp(A4ro||t/(Olloo + i^T)W^(e(0)). 
Combining (14. 9p and f l4.10p . together with the Holder inequality, yields fl4.8p . 



□ 



The next example shows that Theorem 14.21 applies to the equation (14. 2p with a highly 
non-linear drift. 



Ex4.2 



Example 4.3. Consider delay SDE on 
(4.11) 



dX{t) = -{X{t) + Y{t)}dt 

dY{t) = dB{t) + I - + h^^^t - ro) + ix(t) - r(t)}dt 



with initial data G C([— ro, 0]; M^). In this example for z = {x,y),z' = {x',y') G let 
Z{z) = — y — and b{z') = ^y'^. For W{x, y) = 1 + + it is easy to see that 

J^W{x, y; x', y') = -2x{x + y) + 4y^ (^^x - y - y^ + ^y'^ 
< -x^ + y^ - 4?/^ - Ay^ + y^y'^ + 2y^x 

<y'- %^ - ly' + ly". 

Then (14. 3 p holds for /3 = |, 7 = ^ and U {x, y) = y^. Moreover for z = {x, y),z' = {x', y') G 
there exists c > such that 



\Ziz) - Z{z')\' V \biz) - b{z')\' <c\z- zYily - y^ + lyV)- 
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Thus condition fl4.4p holds, Therefore, by Theorem 14.21 we obtain (14.61) . 

To derive (14. 8p . we take w(x. y) = ^{x'^+y*) + j^xy and set W{x,y) = exp{w{x,y)—mi w). 
Compute for {x, y, x', y') G 



~ 1 ~ 

{x,y,x',y') = J^\ogW{x,y) + -\dy\ogW\'^{x,y) 



< - (^a; + ^y) {x + y)+ (i/^^ + ^x) (^^x-y-y^ + ^y"^ + ^y' 



1/3 1 



+ - h/ H X 

2V 10 

< 0.5((0.35)Ve + 1.4)2 _ (0.2325 - e)x^ - 0.5y^ - 0.175y^ + 0.1375?/ 



/6 



where e > is some constant such that 0.2325— e > 0. Then condition (14. 7p holds. Therefore, 
by Theorem 14.21 we obtain (14. 8p . which implies the Harnack inequality as in Corollary 11.41 
according to [Sj Proposition 4.1]. 
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